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Abstract

Physiological abnormalities in pulmonary granulomas—pathological hallmarks of tuberculo-
sis (TB)—compromise the transport of oxygen, nutrients, and drugs. In prior studies, we
demonstrated mathematically and experimentally that hypoxia and necrosis emerge in the
granuloma microenvironment (GME) as a direct result of limited oxygen availability. Building
on our initial model of avascular oxygen diffusion, here we explore additional aspects of oxy-
gen transport, including the roles of granuloma vasculature, transcapillary transport, plasma
dilution, and interstitial convection, followed by cellular metabolism. Approximate analytical
solutions are provided for oxygen and glucose concentration, interstitial fluid velocity, inter-
stitial fluid pressure, and the thickness of the convective zone. These predictions are in
agreement with prior experimental results from rabbit TB granulomas and from rat carci-
noma models, which share similar transport limitations. Additional drug delivery predictions
for anti-TB-agents (rifampicin and clofazimine) strikingly match recent spatially-resolved
experimental results from a mouse model of TB. Finally, an approach to improve molecular
transport in granulomas by modulating interstitial hydraulic conductivity is tested in silico.

Author summary

Treatment failure in infectious diseases such as tuberculosis is often the result of inade-
quate drug delivery to the site of infection. In the case of tuberculosis, that site is most
commonly a pulmonary granuloma-an abnormal mass of immune cells that forms in the
lung in response to the body’s attempt to confine and constrain the infection-causing bac-
teria. Within the granuloma interior, blood vessels are non-functional or absent, and the
tissue is dense and fibrous. These physiological abnormalities hinder not only drug deliv-
ery, but also oxygen and nutrient availability to the immune cells fighting off the infection.
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Here, we mathematically examine the basis and scope of the poor delivery of oxygen, glu-
cose, and tuberculosis-fighting drugs in granulomas. Our simulations agree with experi-
mental results from animal models of this disease and reveal potential strategies to
overcome physiological barriers to drug delivery in granulomas.

Introduction

Tuberculosis (TB) afflicts roughly one-third of the global population and causes approximately
1.5 million deaths annually [1]. Its treatment often requires a lengthy drug therapy, in part
because the dormant Mycobacterium tuberculosis bacilli hide within the core of hardened cel-
lular masses in lungs called granulomas that offer a significant barrier to the transport of nutri-
ents and therapeutic drugs. It is, thus, important to understand the flux of small molecules
within granulomas, so that strategies might be devised to overcome transport limitations and
hence improve treatment outcomes.

In order to reach the granuloma-contained bacilli, drugs must travel via the circulatory sys-
tem to the lesion site, exit the granuloma vasculature (i.e., transvascular transport), and tra-
verse the granuloma interior (i.e., interstitial transport) before encountering its target (i.e.,
cellular metabolism) [2]. A related area of study wherein the path of circulating agents to and
through abnormal masses has been thoroughly explored is the field of tumor transport [3,4].
Indeed, TB granulomas and cancerous solid tumors are morphologically similar, resulting in
similar transport limitations that have implications for therapeutic delivery and efficacy. As we
have previously reported, a shared characteristic of these two cellular structures is an abnormal
vasculature that is non-uniformly distributed within the tissue, resulting in avascular, diffu-
sion-dominated regions, and thus, poor oxygen and drug delivery [5].

Within tumors, transvascular transport is compromised by the poorly formed and leaky
tumor vasculature [6]. This negatively impacts interstitial transport, exacerbated further by a
lack of functional lymphatics, which in normal physiological settings serve a crucial role in
homeostatic fluid balance within tissues [7]. Impaired drainage by non-functional lymph ves-
sels combined with abnormal, hyper-permeable blood vessels, results in an overall reduced
pressure difference between the blood vessel and the interstitium [7], which is the driving
force for transcapillary plasma exchange. This increases the interstitial fluid pressure (IFP),
thereby reducing the effectiveness of the convective delivery of oxygen, nutrients, and drugs
from the blood vessels within the core of the tumors, and hence providing a considerable bar-
rier to effective delivery of anti-tumor agents. Although an absence of lymph vessels has not
been confirmed within TB granuloma masses, we posit here that a similar IFP rise occurs
within TB granulomas, as we have previously shown that granuloma blood vessels are structur-
ally and functionally abnormal in the same manner as tumor blood vessels—and can even be
“normalized” using the same targeted pharmacological approaches as for cancer [5].

The rise in IFP toward the core causes a radially outward convective flow of interstitial fluid
velocity (IFV) oozing out at the periphery, thwarting the inward diffusion of drugs and nutri-
ents [8,9]. Interstitial diffusion, particularly of macromolecules, is further impeded by a dense
cellular matrix. This has motivated many studies of tumor transport so that impediments to
anti-cancer therapies can be understood and strategies developed to overcome them [10-14].
Although IFP and IFV have not yet been directly measured within granulomas as they have
been in tumors, we posit that a similar phenomenon occurs in TB, as we have found that other
aspects including vasculature and hypoxia have been found to be analogous between the two
lesion types in our prior experimental work [5].
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The observable physiological abnormalities motivate a better understanding of the disease
etiology and the underlying physicochemical properties that result in granuloma transport
limitations. We first addressed this via a mathematical analysis of interstitial diffusion to quan-
titatively describe the emergence of hypoxic and necrotic granuloma regions as a direct result
of limited oxygen availability [15]. We now build upon these findings to include both convec-
tion and diffusion in the variably perfused regions in the granuloma microenvironment
(GME). Because of the morphological similarities between tumors and granulomas, the sub-
stantial tumor transport modeling and experimental literature was leveraged to guide this
approach; thus, results are shown for both abnormal masses.

Materials and methods

The description here is limited to the physiological basis (Fig 1) and main equations. The com-
plete model derivation, assumptions, boundary conditions, parameter values, analytical solu-
tions, and additional findings are provided in S1 Text. Results were plotted in Figs 2-7 for IFP
(from Eq S30), IFV (from Eq S33), and chemical species concentrations (from Eq S14) from the
main equations described below in Model Formulation and Assumptions and in S1 Text, using
the built-in function “NDSolve” in Mathematica (Wolfram Research Inc., Champaign, IL).

Model formulation and assumptions

We assume here that the transcapillary exchange of oxygen is limited to an outer thoroughly
vascularized shell [5,15]. The rest of the GME is considered as completely avascular, thus
allowing the assumptions of: 1) no extravasation, and 2) only diffusive (and no convective)
transport therein (Fig 1). (In reality, the blood microvessel density declines more gradually
[5], instead of an abrupt transition between well-perfused and inner regions assumed in our
shell-core model; see S1 Fig). The main equations governing the figures shown in the Results
are as follows (see S1 Text for the governing equations and derivation).

Transport of oxygen and other small molecules in an idealized, spherical, vascularized gran-
uloma can be written as a one-dimensional (radial) mass balance in the interstitial space
(equivalent to Eq S11 in S1 Text)

oc, 05 (206 ¥C kK P,
ot " Or I\r or  or 1+KC & oo = PGy — G 1
~~ S~——
Accumulation  Convection Diffusion Reaction Extravasation and Dilution

Where, for any chemical species j (e.g., oxygen, a nutrient, or a drug), its concentration is C;,
which varies with respect to time (¢) and radial location (r) within the idealized granuloma
(Fig 1). Compared to our prior computational model (which only considered diffusion and
reaction), we now include convection, extravasation, and dilution terms which we describe in
detail here. On the left-hand side: 1) the accumulation term becomes 0 assuming steady-state
(i.e., no accumulation of oxygen in the GME), and 2) the convection (second term on the left;
v, is the radial interstitial fluid velocity) and diffusion (third term on the left; D;° is the effective
diffusion coefficient of species j in the interstitial fluid) terms account for interstitial transport
of species j. On the right-hand side: 3) the reaction term is assumed to follow Michaelis-Men-
ten kinetics of cellular consumption (e.g., of oxygen, where k is the first-order rate constant for
species consumption and K is the inverse of the half-saturation Michaelis-Menten constant)
[15], while 4) the last term includes transvascular transport (i.e., extravasation) and plasma
dilution (where L, is the hydraulic conductivity of the membrane-like blood vessel wall, a,, is
the volumetric vessel surface area in the tissue, p,, is the effective vessel pressure, p; is the
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Convective Zone, A

Diffusive Zone

Fig 1. Physiological basis for compartmentalized transport models in TB granulomas. Schematic depicting regions
and consequences of compromised oxygen transport in idealized spherical granulomas, including 1) a vascularized
region where convection dominates and plasma filtration from blood vessels occurs, and 2) an inner region lacking
blood vessels where diffusion dominates, and hypoxia and necrosis result. (Adapted from [15]).

https:/doi.org/10.1371/journal.pcbi.1011847.001

interstitial fluid pressure, and C; is the bulk concentration of the species j in plasma). In
dimensionless form (dimensionless terms defined in Eq S12 in SI Text), the steady-state mass
balance (in terms of dimensionless species concentration f over dimensionless radial distance
&) reduces to (equivalent to Eq S14 in S1 Text)
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Fig 2. Granuloma IFP estimates and comparisons to tumor data. (A) Predicted dimensionless IFP profiles within
granulomas from the uniform perfusion case for varying values of dimensionless granuloma size, a, = 1-15. (B) Fitting
the theoretical IFP estimates (Eq I1I with a fitted modulus o] = 24.4 [9], see S1 Text) to experimentally measured
tumor IFP data (from human neuroblastoma tumor models grown in immunosuppressed rats, ~2 cm in diameter [9])
demonstrates the applicability of the uniform perfusion model to physiological IFP levels with a single fitted
parameter.

https://doi.org/10.1371/journal.pcbi.1011847.9002

where Pe is the Péclet number, i.e., the ratio of convective to diffusive transport, v is the dimen-
sionless radial interstitial velocity, ¢ is the Thiele modulus, i.e., the ratio of reaction to diffu-
sion rates, y is the dimensionless Michaelis-Menten kinetic factor, o is the dimensionless
modulus (i.e., granuloma size), w is the dimensionless diffusion rate, and g is the relative
extravasation/dilution rate.
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Fig 3. Granuloma IFV estimates and comparisons to tumor data. (A) Predicted dimensionless IFV profiles within
granulomas from the uniform perfusion case for varying values of dimensionless granuloma size, a = 1-15. (B) Fitting
the theoretical IFV estimates (Eq IV with a fitted modulus o2 = 24.4 [9], see S1 Text) to experimentally measured
tumor IFV data [9] demonstrates the applicability of the uniform perfusion model to physiological IFV levels with a
single fitted parameter.

https://doi.org/10.1371/journal.pcbi.1011847.g003

Explicit expressions for interstitial fluid pressure and velocity derive from the steady-state
continuity equation, subject to suitable assumptions and boundary conditions (Eq S14 and
S21) as described in the S1 Text. Upon testing multiple perfusion distribution scenarios (S1-
S3 Figs), the idealized case of uniform perfusion was selected as the final form used here, given
the striking similarity of its analytical solutions to the physiological reality of non-uniform per-
fusion (S3 Fig). In dimensionless forms, the radial IFP and IFV are, respectively (equivalent to
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experimental data from rabbit TB granulomas [15] (gray dots).

https://doi.org/10.1371/journal.pcbi.1011847.9004

Eqs S30 and S33 in S1 Text)
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where v is dimensionless IFP, v is dimensionless IFV, and a is the dimensionless form of the
outer granuloma radius (i.e., maximum dimensionless modulus).

Experimental data and parameter values

To the best of our knowledge, although IFP and IFV are well-studied in cancerous tumors,
they have thus far not been theoretically investigated nor experimentally measured in TB gran-
ulomas. This means that any corroboration of the theoretical results must depend on corre-
sponding experimental results for tumors. We predict TB granuloma pressure and velocity
profiles in the Results, hypothesizing that granuloma properties are similar to those of tumors
(Eq S39 and Eq S41 in S1 Text) based on our previous observations of morphological and func-
tional similarities between cancerous tumors and TB granulomas in experiments [5]. Using
tumor parameter values, the dimensionless granuloma size (i.e., the modulus ¢) should be in
the range of @y = 1-15 in our simulations, as a common granuloma diameter in the rabbit
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https://doi.org/10.1371/journal.pcbi.1011847.9005

model is 2Ry = 0.5-5 mm (although they can coalesce into larger lesions) [5,16]. We compare
these simulations to IFP/IFV data from tumor models [9]. The oxygen consumption Michae-
lis-Menten parameters are utilized based on our previous work in rabbit TB granulomas [15].
Drug delivery data from mouse models of TB [17] are compared to our simulations, with esti-
mated tissue diffusion coefficients informed by anti-TB drug uptake in rats [18]. All parame-

ters are summarized in S1 Table and all raw and predicted drug delivery data and calculated

mean square error (MSE) values are in S2 Table.
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Results
Interstitial Fluid Pressure and Velocity Radial Profiles

We and others have experimentally and theoretically investigated the interstitial fluid pressure
(IFP) in tumors [8,19-26]. We hypothesize here that there is an analogous IFP rise within TB
granulomas, which has not yet been experimentally investigated. Theoretical IFP (Fig 2A) and
IFV (Fig 3A) profiles are shown for varying values of the modulus a. IFP rises with distance
into the granuloma, while effusive IFV follows an opposite trend and decreases towards the
interior of the granuloma. We theorize in analogy to tumors [8] that i) the plasma that leaks
out of the abnormal blood vessels as previously described [5] causes this rise in the IFP towards
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Fig 7. Estimates of drug delivery and comparisons to rifampicin and clofazimine distribution data in
experimental granulomas. Dimensionless concentration (lines), f, of rifampicin (A; RIF) and clofazimine (B; CFZ) as
a function of dimensionless granuloma radius, &, for increasing values of dimensionless granuloma size (the modulus
o) in comparison to experimental data from mouse TB granulomas [17] (dots). The mean squared error (MSE, see Eq
$44) between the theoretical and experimental results for rifampicin and clofazimine are 0.012 and 0.010, respectively
(see S2 Table for all raw data, predicted data, and MSE values).

https://doi.org/10.1371/journal.pchi.1011847.9g007

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1011847  February 9, 2024 10/18


https://doi.org/10.1371/journal.pcbi.1011847.g007
https://doi.org/10.1371/journal.pcbi.1011847

PLOS COMPUTATIONAL BIOLOGY Biological transport in tuberculosis granulomas

the granuloma core and ii) this is exacerbated by a paucity of functional lymph vessels As IFP
rises, the pressure drop declines until it eventually becomes zero. This is given by the Starling
equation that accounts for the plasma flux across the microvessel walls between 1) the effective
vessel pressure (p,, . = p,—0s(m,~7;)), where p, is the vascular pressure (mmHg), 7, and 7; are
the vascular and interstitial osmotic pressures (mmHg), respectively, and o5 is the Staverman
reflection coefficient) and ii) the IFP (p;,, mmHg). This is especially apparent for larger granu-
lomas (Fig 2A, ay>10), where the IFP approaches the effective vessel pressure rapidly with
increasing distance towards the core.

As a result of the reducing pressure differential, the effusive (or filtration) flux of plasma,
¢p, from the blood vessels (bearing oxygen, nutrients, and drugs) declines in the inward radial
direction eventually becoming zero. Consequently, at this point, there is no further source for
oxygen as well as other nutrients or small molecules/drugs, so that beyond this point the radial
flux of these entities is entirely by their diffusion along with any interstitial (albeit compro-
mised) fluid convection. Thus, IFV drops and stagnates in the core; this is especially apparent
for large granulomas (Fig 3A, ap>10) where the IFV drops to zero rapidly with increasing dis-
tance into the granuloma. At the periphery of the granuloma (r — R,) we may infer that, as in
tumors [8], the IFV is directed outwards, which would further impede transport in the GME.

Model comparisons to experimental IFP/IFV measurements

DiResta et al. measured IFP and IFV in human neuroblastoma tumor models in rats [9]. Our
predictive models of IFP (Fig 2B) and IFV (Fig 3B) align well with these experimental mea-
surements (despite large error bars from the in-situ measurements) using a fitted value of o =
4.95, analogous to S3 Fig. Thus, the simple analytical solution for the uniform perfusion case is
strikingly accurate in predicting in vivo IFP/IFV levels, even in large lesions that are presum-
ably non-uniformly perfused and likely contain hypoxic and necrotic regions.

Convective zone thickness

As depicted schematically in Fig 1, convection dominates in the vascularized, well-perfused
outer rim of the GME, i.e., the region closest to the normal lung parenchyma. We can estimate
the thickness of this rim (A = Ry—Rp, Fig 1) by assuming that within this shell, the pressure
gradient becomes small enough that convective velocity approaches 0, representing the turning
point at which diffusion dominates (i.e., this can be defined as the limited perfusion velocity;
see S1 Text). Utilizing this assumption in Eq IV (equivalent to Eq S33 from the S1 Text), the
dimensionless thickness of the convection zone, 4,, is obtained and plotted vs. granuloma size
for varying limited perfusion velocities (Fig 4). For small granulomas (ay<5), the majority of
the GME is predicted to be well-vascularized; this aligns with experimental observations
[5,16]. For 5<ap<10, the convective zone thickness drastically declines with increasing granu-
loma size until, at a,>10, it plateaus. This indicates that for large granulomas, the convection
zone occupies less than half of the total mass thickness and the thickness of the convection
zone becomes independent of total granuloma size. Utilizing our previously collected data for
convective zone thickness from the rabbit TB model [15], in conjunction with theoretical
parameter estimates from tumors (Eq S39 in S1 Text), we observe good agreement between
our predicted and experimental results.

Oxygen and glucose concentration profiles

Expanding our previous modeling of avascular granulomas limited to diffusive transport com-
bined with cellular consumption [15], our current model predicts oxygen concentration pro-
files while accounting for transcapillary exchange, plasma dilution, and interstitial convection
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and diffusion (Fig 5A). As expected, oxygen concentration drops quickly with distance into
the granuloma core with increasing granuloma size. For ay>10, oxygen is predicted to be fully
consumed rapidly within the GME; in reality, we know from prior measurements that necrosis
emerges due to cell death at oxygen levels nearing-but not reaching-anoxia [5,16]. Similar
profiles result from the modeling of glucose transport (Fig 5B)-a slightly larger chemical spe-
cies with poorer diffusivity (S1 Table) than molecular oxygen-resulting in more rapid con-
sumption of this nutrient particularly for ap>10, wherein the central GME is predicted to be
devoid of glucose.

Overcoming interstitial transport barriers

The effect of tissue hydraulic conductivity on oxygen transport can be observed via in silico
perturbation, whereby the simulated dimensionless oxygen concentration profile within the
GME is shown for when the estimated base case parameter of tissue hydraulic conductivity K,
(Eq S39 in S1 Text) is increased by a factor of 10 for small (¢ = 3.5) and large (ay = 20) granu-
lomas (Fig 6A). For both small and large granulomas, increasing hydraulic conductivity does
not significantly affect oxygen concentration. However, in the large granuloma, the base value
hydraulic conductivity value results in the glucose concentration dropping quickly to zero
around a dimensionless radius value of 0.5 (Fig 6B). This implies that this nutrient is theoreti-
cally absent from the central GME under base tissue hydraulic conductivity. Significantly
increasing tissue hydraulic conductivity (e.g., by drug treatment), results in glucose not being
fully consumed before reaching the granuloma core. Indeed, a paucity of glucose is no longer
predicted to emerge even in this very large simulated granuloma with the improvement in
hydraulic conductivity, which suggests improved glucose distribution in the granuloma core.

Model comparisons to experimental drug delivery measurements in
granulomas

Finally, this model can be applied not only to oxygen and nutrient delivery, but to anti-TB
drug delivery as well. In a recent study [17], Kokesch-Himmelreich et al. measured drug deliv-
ery of rifampicin (RIF; molecular weight = 823 g/mol), clofazimine (CFZ; molecular

weight = 473 g/mol), and other antibacterial agents using the spatially-resolved matrix-assisted
laser desorption/ionization mass spectrometry imaging (MALDI-MSI) method in murine TB
granulomas. We extracted and non-dimensionalized the spatially-resolved drug delivery data
for RIF and CFZ in four granulomas (all Ry<0.5 mm, 0,<5), from this paper [17]. Strikingly,
our simple mass transport model accurately predicts the delivery of these two anti-TB agents,
with low MSE values of ~0.01 for both drugs (Fig 7 and S2 Table).

Discussion

A detailed understanding of the drug transport barriers within granulomas can illuminate
causes underlying the necessary prolonged treatment for TB, and suggest approaches to allevi-
ate these physiological abnormalities of the GME that hinder transport. Thus, analogous
modeling approaches from cancer research are applied here, based on the structural and mor-
phological similarities between TB granulomas and tumors [5] despite the obvious differences
between the two disease etiologies. Indeed, common modeling approaches for tumors that
have been explored in TB granulomas by us and others include reaction-diffusion [15,27], con-
tinuum [28,29], agent-based [30-32], and multiscale [33-35] models, and vascular network/
angiogenesis models from tumors [36,37] are likely to be applied to TB granulomas in the
future. The approximate analytical solution we obtained previously [15], for the case of diffu-
sion-limited reaction, was able to predict the size of hypoxic and necrotic regions in good
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agreement with our experimental results from the rabbit TB model. Here, we extended our
mathematical framework to include the effect of convective transport within the GME as a
result of its abnormal vasculature, and to determine its impact on oxygen, nutrient, and drug
delivery.

Model features, findings, and limitations

Transport phenomena including pressure rise, velocity profile, and interstitial diffusion, are
dependent on the structural properties of the GME. We assume that the TB granuloma struc-
ture is similar to that of a tumor [21], which is comprised of three regions [5,15]: 1) the vascu-
lar region, limited to the periphery and devoid of functional lymphatic vessels; 2) the cellular
region containing the cells; and 3) the interstitial (extra-cellular) space that contains an extra-
cellular matrix network that imparts mechanical rigidity, bathed in interstitial fluid. We have
shown previously that granuloma vessels are structurally and functionally abnormal, leading
to inhomogeneous transport [5]. In tumors, this aberrant vasculature compromises transvas-
cular and interstitial convection due to high vessel permeability and an increase in IFP from
plasma leakage and a lack of functional lymphatics. Together, these effects result in an outward
convective interstitial velocity that opposes inward transport. By assuming that the GME reca-
pitulates these transvascular and interstitial transport limitations seen in tumors based on our
prior experimental evidence [5], the objective of our modeling effort was to predict these
parameters and to indicate fruitful directions for future experimental investigations.

We provide here a comprehensive theoretical model of oxygen transport and reaction
within a granuloma (or a tumor) that accounts for non-uniform vasculature, transcapillary
exchange, plasma dilution, and interstitial convection and diffusion. Three limiting models of
vasculature distribution were considered simultaneously for the first time: a model of uniform
MVD distribution, a shell-core model, and a non-uniform MVD distribution model. Based on
our analyses for IFP and IFV, we can conclude that the simpler case of uniform MVD distribu-
tion is adequate for predicting species transport and reaction. In contrast to earlier tumor IFP/
IFV models [8,19], our model accounts for plasma dilution (which is often excluded in the lit-
erature as negligible). Our mass balance formulation accounts for plasma extravasation from
blood vessels not only as a source for oxygen, nutrients, and drugs, but as a diluent as well.
Indeed, our model of interstitial transport was found to be in accord with tumor experiments.
Predictions of convective zone thickness were found to be in agreement with experimental
data from granulomas. The model was also utilized to theoretically investigate the effect of
enhanced tissue hydraulic conductivity for overcoming transport barriers. Finally, our model
accurately predicted the delivery of two anti-TB agents-rifampicin (first-line therapy) and clo-
fazimine (second-line therapy)-with surprisingly good agreement given the simplicity of the
mathematics describing the underlying transport phenomena.

In short, this model sheds light on the limitations of oxygen, nutrient, and drug transport
within granulomas and tumors, and how such barriers might be overcome. For example, it
predicts an IFP rise towards the granuloma core as a result of the known abnormal vasculature.
This in turn results in a reduced or even stagnated IFV, compromising interstitial convective
transport and thus depriving the granuloma core-where the bacilli hide-of oxygen, nutrients,
and drugs. Our model predicts an absence of glucose in the granuloma core; this warrants
experimental confirmation. The persistent bacteria in the hypoxic and necrotic core are able to
utilize alternative carbon sources (e.g., lactate) [38]; thus, these metabolic alterations may pres-
ent targetable vulnerabilities for therapeutic strategies. Modulating the interstitial hydraulic
conductivity, e.g., with an agent targeting the interstitial components (such as losartan, a
widely-prescribed, safe and inexpensive anti-hypertensive drug [39]), could prove to be an
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effective host-directed therapeutic strategy to modulate the GME and improve drug delivery
and efficacy.

There are some limitations to the model. As described in detail in S1 Text, the non-uniform
and/or shell-core models of perfusion better represent the physiological reality of blood vessel
distribution in granulomas than the uniform perfusion model. However, the simpler limiting
case of uniform perfusion advantageously allows for analytical solutions that 1) do not require
artificially defining regions where convection or diffusion dominate, 2) are in good agreement
when fitted with the non-uniform perfusion numerical solutions, and, most importantly, 3)
accurately predict IFP/IFV experimental data. We also ignore cell membrane transport as a
factor in the mass balance equation; however, we account for the cellular reaction of the species
(i.e., oxygen consumption). Because we do not have experimental parameter measurements
for TB granulomas (e.g., membrane and interstitial hydraulic conductivities) we apply tumor
parameter values to the model given the similarities between granulomas and tumors, based
on our previous experimental and computational observations regarding shared morphologi-
cal and functional characteristics of these diseased masses (including vascular density, archi-
tecture, and perfusion) [5,15]. We also do not consider variable oxygen/nutrient/drug uptake
rates by different types of immune cells, e.g., macrophages vs. T cells, which we have recently
demonstrated experimentally can contribute to heterogeneous drug distribution within the
GME [40]. Finally, because we do not consider the transport of large molecules here, we ignore
any retardation factor. Indeed, because anti-TB agents often bind to proteins such as albumin
[41], it may become necessary to model the unbound vs. bound drug fractions in future
considerations.

Future directions

To the best of our knowledge, we provide here the first consideration of convective transport
in the GME, and initial predictions for IFP and IFV profiles and their associated consequences
in TB granulomas. To further support these findings, it should be experimentally confirmed
whether-as in tumors-TB granulomas lack functional lymphatics. It should be noted that the
first predictions of tumor IFP/IFV [8] preceded, yet accurately predicted, the first experimental
measurements of these parameters by a number of years [42-47]. We posit that future IFP/IFV
measurements in TB granulomas will similarly confirm our predictions here. Continued com-
parison of tumors and TB granulomas via modeling may reveal novel similarities and differ-
ences between these two types of masses, particularly with regards to immune state and
function. Furthermore, our findings support future testing of host-directed therapies that can
modulate the GME to overcome transport barriers and improve treatment outcomes for this
virulent and deadly disease. Indeed, following recent efforts by others to computationally opti-
mize the implementation of multiple antibiotic treatments [48], future modeling efforts should
provide rational basis for multi-drug dosing and scheduling.
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S1 Text

Mathematical Model of Oxygen, Nutrient, and Drug Transport in Tuberculosis
Granulomas
Meenal Datta, McCarthy Kennedy, Saeed Siri, Laura E. Via, James W. Baish, Lei Xu,

Veronique Dartois, Clifton E. Barry 39, and Rakesh K. Jain

S1. Species Mass Balance in Granulomas and Tumors

A blood-borne molecular nutrient or drug species undergoes the following sequential
transport steps (1, 2) within a granuloma or a tumor: 1) extravasation across the capillary
wall; 2) transport through the interstitial space via convection and diffusion; 3) transport
across a cell membrane; and 4) metabolic reaction within the cell. We neglect the cell
membrane transfer resistance here, but account for the cellular reaction of a species.
Further, for larger molecules such as monoclonal antibodies or proteins, not considered

here, there is specific or non-specific binding (3).

We adopt a coarse-grained continuum approach, and start with the molar form of
unsteady-state mass balance of species j (oxygen, nutrient, or a drug) within the

granuloma or tumor (4), i.e.,

daC;

where R; is the volumetric source term for species j. The flux of a species j, in general,

contains both convective and diffusive terms, which for dilute solutions is of the form (4)
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The effective diffusivity D/ of a molecule in the interstitial region may be estimated from
its molecular diffusion coefficient D; via the relation Df = (¢/7)D; (5), where ¢ is the

volume fraction (or void fraction) of interstitial space among the cells, and 7 is the so-
called tortuosity factor, accounting for the tortuous diffusion paths. This is based on the
assumption that the transport is limited to the interstitial domain. This is not true for
molecules such as oxygen, which might well diffuse through the cellular region as well.
Further, the tortuosity factor in turn can be related to the interstitial volume fraction. For
example, the random pore model suggests 7 = 1/¢. More generally, T = 1/¢4, where, q
= 0.5 refers to the so-called Bruggeman exponent. Other factors besides the structure,
e.g., partition coefficient, or solubility, can also affect the effective diffusion coefficient of
a molecule (1, 6). Finally, since we are not considering large molecules, we ignore any

retardation factor (1).

Combining the last two relations and carrying out the indicated differential operation

aC;
a_t] +v-VC + (V- v — DFV2C; = R; (Eq.S3)

The convective term itself is, thus, comprised of two parts: 1) the usual convective term
v - V(;, and 2) the dilution term C;V - v containing the divergence of fluid velocity, V- v
For transport in incompressible fluids (liquids), the second term is typically zero, since
from the equation of continuity V-v+ =0 (4). However, for a granuloma or a tumor
comprising of blood and lymphatic vessels that provide a net source/sink term for the

fluid, the equation of continuity, i.e., overall mass balance, instead takes the form (3, 5)

Vv = @p(r) — ¢.(r) (Eq.S4)
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where ¢g(r) (s™1) is the position (r) dependent interstitial fluid source term i.e., the net
volumetric rate of plasma extravasated by blood vessels per unit volume of the granuloma
or tumor, while ¢, (r) is the corresponding term for the drainage of the interstitial fluid by
lymphatics. In biological tissues these terms represent the rate of plasma flow from blood
vessels into the interstitial space, and from interstitial space into the lymph vessels,

respectively (see Reference (5) for schematic representations).

The distribution of these vessels is well-known to vary with location r, within the tumor
(3), and has also been shown to similarly vary within granulomas (8). In the case of the
diffusion-limited region (denoted by subscript D), where there is a complete absence of

such vessels, Eq.S4 reduces to the common form of the equation of continuity, V- v = 0.

Combining the last two relations, the mass balance in granulomas or tumors takes the

form

oG
5 TV VG DIV = Ry~ Gi(es — 91) (Eq.S5)

Further, in the above, the net rate of the species “source” term R; within the tissue is a

sum of two terms: 1) that due to reaction, and 2) that due to the fluid source term

kC;

Ri = ———2—+ @zC;
IT "1+ kg T PEYL

(Eq.S6)
where the metabolic reaction rate term is assumed of the Michaelis-Menten (MM) form,
as is common for many cellular reactions, with a negative sign denoting “consumption,”

rather than generation, while the source term of species j from the blood vessels is ¢5C;
where C;, is the concentration of the species j in the bulk plasma. The MM kinetics

appropriately reduce to first-order when K(; « 1, with a pseudo-first order rate constant
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k, while it reduces to zero-order for the case when KC; > 1, when kinetic rate is equal to
k/K (9). In terms of the more traditional form, the MM kinetics are written as: r; =
VinaxCj/(Ky + C;), where the MM parameters, V.., = k/K, and the MM constant, K, =

1/K. In our recent publication (9), further, only the first term in Eq.S6 was included, as
applicable to the diffusion-dominated quiescent inner region where there are no blood

vessels. This assumption is relaxed here.

Combining the last two relations

%6 4o vG - DFVIG = - —T__ (Cp—C)+o.C
ot VU TE ST T e T P\ T ) T ALY (Eq.S7)
which in one-dimensional (radial) form
aC; aC; 10 aC; kC;
- —J_pe_ (2 )= _ J (s .
at "V I r2 6r< 6r> 1+ K¢ + (pB(C”b C’) 9Ll (Eq.S8)

This formulation is a bit different from the corresponding mass balance equations in the
literature, because it accounts for the effect of extravasation not only as a source for

species j but also as a diluent, latter by virtue of the use of equation of continuity, Eq.S4.

In solid tumors, further, there are few functional lymph vessels, and so that ¢, — 0 (1).
Even if this were not completely true, certainly ¢z > ¢;, as blood vessels are leakier in
tumors, so that ¢, may be neglected. We make the same assumption here for TB
granulomas. Further, carrying out the indicated differentiation in the Laplacian term, the

species mass balance reduces to

or J 1+ K(;

ror T oz +95(Cip — G) (Eq.S9)
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The plasma flux across the microvessel walls is further given by the Starling equation (3,
S)

Jo

Yp = v = Lpav{(pv —pi) — os(my, —m)} = Lpav(pv,e — i) (Eq.510)

where J,/V is the volumetric flow rate out of the vasculature per unit volume of tissue, L,
is the membrane hydraulic conductivity of vessels (cm*/s-mmHg) within the granuloma,
a,(r) is the surface area of the vessels/volume of tissue (cm?/cm?), i.e., S/V, which varies
with location r, owing to the heterogeneous nature of blood vessel distribution in
granulomas or tumors. For example, a, = N, (d,)l,,, where N,(r) is the number density

of microvessels/volume, and d,, and [,, are their average diameter and length.

Further, p, and p; are the vascular and interstitial pressures (mmHg), respectively, while
m, and m; are the corresponding osmotic pressures (mmHg), and o is the Staverman
reflection coefficient. In other words, the driving force is the hydrostatic pressure
difference minus the osmotic pressure difference between the inside of the vessels and
the interstitial space in tissue. For a single solute, for instance, the osmotic pressure, T =
—(RT/I7j)Inaj, i.e., it depends on the species activity or concentration. Further, in Eq.S10,

we have defined an effective vessel pressure, p,, . = p, — 0s(m, — m;).

Combining the last two equations

w2y (229,29
at T or J\r or or?
Accumulation Convection Diffusion
(Eq.S11)
G L. ( (G = C)
1+ KCj pAQv (Pve — Pi)\Ljp J

Extravasation and Dilution

Reaction
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where the different transport (convection and diffusion), accumulation, and source
(reaction and extravasation) terms are as indicated. This may be compared to the mass
balance equation of our previous work (9), that assumes: 1) that the flux is by diffusion
only (i.e., v, = 0, or no convection), and 2) that the last term on the right, accounting for
transcapillary extravasation and plasma dilution, is zero as there are no blood vessels in
the diffusion-limited region. In other words, it involves only diffusion and reaction, as in a
conventional catalyst particle, the convection and the fluid source term being assumed

Zero.

For this, we next non-dimensionalize this mass balance equation using the following

dimensionless variables

r bi pi G Ur vR,Ro
E=—; ¢ = ;0=1-— s f=E=—; V= ; Pep, = ;
R Pv,e Pv,e C VR, Ro Dje

(Eq.S12)

L av( Dje Kypye
De =~ \r2 D?

It is noteworthy that for given membrane and tissue properties, the modulus ¢ « R, since
the square root term is independent of granuloma/tumor size, i.e., a bigger modulus
means a larger granuloma/tumor. In other words, the modulus a may be roughly

considered as dimensionless radius of granuloma/tumor.

In dimensionless form, the mass balance, thus, the unsteady-state mass balance for

species j is

+ (e?w)e(1 - f) (Eq.S13)

+(PeR0 of <2g+g>=_¢z f

Yoz \¢a Tag? 1+ xf



105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

Besides the dimensionless concentration, f(§), this equation involves the convection
term on the left that is a function of ¢ via the dimensionless velocity v(§), as well as the
extravasation term, i.e., the last term on the right, also a function of ¢ via the
dimensionless pressure difference o(§). Thus, other relations are needed for v(§) and
0(§), as discussed next.

For the steady-state case, the species mass balance reduces to

d’f 2 df f _
- {(Peg,)v - E}d_f - ¢* (= )(f> + (@w)o(1—f) =0 (Eq.514)

subject to the boundary conditions

BC.1: até=1 f=1

B.C.2: at&{=0 df—o
.C.2: até= @

The expressions for the dimensionless interstitial velocity v(§) and the volumetric effusion

term, (&) = a?wo(§), are developed in the next section.

S2. Interstitial Fluid Pressure and Velocity Profiles
We and others have experimentally and theoretically investigated the interstitial fluid
pressure (IFP) in tumors (1, 3, 7, 10-15). It is hypothesized that there is an analogous IFP

rise within TB granulomas, not yet experimentally investigated, as modeled below (5).

The steady-state equation of continuity, or fluid mass balance, Eq.S4 provides V- v =
@p(r) — @, (1), which is combined with the constitutive equation for viscous flow in porous
media, namely D’Arcy’s law, v = —(B, /1) Vp;, normally written in the tumor literature as
(15)

v = —K,Vp; (Eq.S15)
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where K, = (By/W), is the so-called hydraulic conductivity of the tumor or granuloma,
while B, is the D’Arcy permeability, to provide

—K,V?p; = 95— @y (Eq.S16)
Using the Laplacian for a one-dimensional transport in a spherical shaped granuloma,
Eq.S16 reduces to

1 d del' _
B ”r_zﬂ( W)_(pB_(pL (Eq.S17)

Assuming as above, that either ¢, — 0, or that ¢z > ¢, for the TB granulomas and
combining Eqgns. (Eq.S10) and (Eq.S17)

1d(2%

—K, rzdr dr) —Lpay(Pye —pi) =0 (Eq.S18)

where recall that a,, = a,,(&¢). This can be written in the dimensionless form

1d do _
?d_g(fz d_€> —afe=0 (Eq.519)

where recall that the dimensionless interstitial pressure difference, ¢ = (pye — 0i)/Dve =

1 —1, and the dimensionless interstitial pressure, ¥ = p;/p..

In general, as indicated above, the microvessel surface area per unit volume also varies
with location, i.e., a,, = a,,(£), so that the parameter a = a(§). We consider three different
cases for the vasculature architecture as described below:
1) the case of uniform perfusion throughout the granuloma/tumor, wherein a, =
a,o = constant, i.e., independent of ¢;
2) the case of non-uniform perfusion described via step change (3), wherein the

diffusion-limited hypoxic core has no vessels (a,, = 0), while the outer shell of
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the granuloma/tumor is fully vascularized (a, = a,,), i.e., the shell-core model,
and
3) the case of non-uniform perfusion with a realistic variation in microvessel
density (MVD) distribution, N, = N,,(£).
The first two cases allow analytical solution for the IFP and IFV, while the last requires a
numerical solution. We consider below the more general Case 2 first, from which Case 1

derives as a limiting case.

S2.1. Shell-Core Model of Non-uniform Perfusion in Granulomas

Adapting the approach of Baxter and Jain (1990) for tumors to granulomas, it is assumed
here that in the region R, <r <Ry, a, = a, ¢, While in the region r < Rp, a,, = 0. Thus,
the modulus a = «, in the shell region, defined as

Lyay,

Eq.S20
- (Eq.520)

0y = Ry

which represents a ratio of the interstitial resistance to vascular resistance to IF flow.
The momentum balance equation is subject to the following boundary conditions (16):
BC1: até =1, o=1, ie, =0 (orp; =0),
do (Eq.S21)
BC 2: até =¢&p, d—€=0; 0 = 0p.
where the first boundary condition specifies that the pressure at the periphery, p; =0,
while the second represents no flow, or pressure gradient, along with continuity of

pressure at the diffusion-limited core radius R

The general solution to Eq.S19, which is of the same form as that for molecular diffusion

and first order reaction in granuloma (9), is
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& G .
0= ?cosh(aof) + ?smh(aof) (Eq.S22)

which upon differentiating provides

do _
dé &2

Using B.C. 2 in Eq.S23 while using B.C. 1 in Eq.S22, and solving the resulting two

{aofsmh(aof) — cosh(ayé)} + 72 {aofcosh(aof) — sinh(ay¢)} (Eq.S23)

equations simultaneously for the two unknown constants of integration C; and C,, followed
by some simplification, provides

sinh(aoép) — aoép cosh(ayép)
sinh[ay (1 — &p)] + aoép coshlay (1 — &p)]

- _ aoép sinh(ayép) — cosh(ayép)
2 sinh[ay(1 —¢p)] + @ép cosh[ay(1 —&p)]

Clz_

(Eq.S24)

Using these in Eq.S22 and simplifying further, the dimensionless pressure differential (16)

-1 {sinh[ao@ — &p)] + aoép cosh[ay (& — fD)]}
%) = F Sinh[ao (1 — )] + aofp coshlae(1 — &5)]

(Eq.S25)

where we have used the identities, sinh(u — v) = sinhu coshv — coshusinhv and
cosh(u — v) = coshu coshv —sinhu sinhv. These results are applicable to the shell
region, i.e., for {, <& < 1. The dimensionless pressure differential in the non-

vascularized core of the particle is obtained by setting ¢ = &, in Eq.S25.

Further, taking the derivative of the dimensionless pressure gradient, and combining it
with the 1-dimensional Darcy’s law v, = —K,,(dp;/dr) = K, p,./Ro(do/d&), provides the

velocity profile within a granuloma

_ Kvpv,el{ao(f — &p) cosh[ag(§ — &p)] — (1 — agépé) sinh[ag (€ — &p)]
&2

vr = R, sinh[ay(1 —$p)] + agép cosh[ay(1 —$p)] } (Eq.S26)



169  which when evaluated at the granuloma surface (¢ = 1), yields the efflux velocity at the

170 surface

v = (Kvpv,e) {ao(l — &p) cosh[ag (1 — &p)] — (1 — a§ép) sinh[ay (1 — &p)]
Ry —

Ro sinh[ao(1 — )] + aofp coshlag(1 — &p)] } (Eq.527)

171  The surface effusion velocity could alternately be determined as follows. From the Gauss-
172 Ostrogradskii divergence theorem (4), fV(V-v)dV = fs(v-n)dS, and using Eq.S4 for

173  the divergence of velocity in this, along with Eq.S10 for the volumetric efflux ¢z, there

174 results

K‘V v,e !
g, = (—222) | (@?o)g7ds (Eq.528)
’ Ry $p

175  Finally, assuming a = a,, using Eq.S25 for ¢ and integrating, Eq.S27 results.

176  From Eq.S26 and Eq.S27, the dimensionless velocity, v = v;. /vy,

_1 {ao(f — &) coshla(¢ — £)] — (1 — aZéy8) sinh[a(§ — fD”} (Eq.529)

% ao(1 = &p) cosh[ag(1 — &p)] — (1 — agép) sinh[ay (1 — &p)]
177  The above algebraic relations for the dimensionless pressure difference o, Eq.S25, and
178 the dimensionless IF velocity v, EqQ.S29, can be utilized in the steady-state species j mass
179 balance differential equation, Eq.S14. In other words, Eq.S14, Eq.S25, and EQq.S29
180 together form a set of differential-algebraic equations that can be solved simultaneously
181 numerically to compute the concentration profile of a molecule within a granuloma. We
182  have already solved the concentration profile, Eq.S14, for the case of no convective flow
183 (v = 0) as well as no source term (Q = 0), where we also provided analytical solutions for

184  the two limiting cases of first- and zero-order kinetics (9). Our analysis here extends our
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initial results to the more general case to include both convective transport (v # 0) as well

as a source term (Q # 0).

S$2.2. Uniform Perfusion Case

For the case when there is no hypoxic core, ¢, — 0, i.e., the granuloma is uniformly
perfused throughout, then the corresponding relations may be obtained by simply setting
¢p =0 in the above. Thus, from EQ.S25, the dimensionless pressure rise within the
granuloma for the case of uniform perfusion (5)

1 sinh(ay¢)

v=1l-e=1" (Eq.S30)

The radial velocity profile from Eq.S26

o = (foroe) L {(aoa cosh(@yf) sinh(aoa}

R, /&2 sinh sinh a (Eq.S31)
while the efflux velocity at the granuloma surface, from Eq.S27 with §, = 0
VR, = (Kﬁv‘e> (agcothay — 1) (Eq.532)
so that the dimensionless velocity profile takes the form (5)
_ ( 1 )l{(aof).cosh(aof) B sin-h(aof)} (Eq.533)
a,cothay — 1/ &2 sinh sinh a

These simpler alternate relations for the volumetric fluid effusion and the dimensionless
IFV applicable for the case of uniform vasculature can next be utilized in the species j

mass balance, Eq.S14, to obtain concentration profile within a granuloma or a tumor.

S$2.3. Non-uniform Perfusion Case
In the above shell-core model, we considered the case where the granuloma/tumor was

assumed to be fully vascularized outside of the hypoxic core, while there was no perfusion
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within it. This is not physically realistic, as the microvessel density (MVD) distribution does
not change so abruptly, but rather more gradually. In fact, the MVD distribution in a

granuloma has been measured by us (8), as shown in Figure S1.

Clearly the blood vessels are restricted to the granuloma periphery and tend to be absent
from the central region, as we found previously (8), but this change happens gradually.
In fact, it might be argued that the MVD distribution appears to follow the pressure
difference distribution, i.e., the extravasation driving force, o =1 — 1. As a result, in
analogy with Eq.S30, we might simply assume the MVD distribution

Ny(§) _ay(§) _ a(§) _ 1sinh(Bayé)
Ny - Qy,o a Qo a ¢ sinh(Ba,)

(Eq.S34)

Where f~1/2 is a fitted constant. This would be used in both momentum balance,

Eq.S19, and mass balance, Eq.S14.

It is apparent from Figure S1 that the agreement is good. There might, in fact, be
physiological reasons for this. Thus, we might surmise that functional blood vessels are
not present beyond the point where p; — p, ., since the plasma can no longer flow out of
the blood vessels. Clearly, in this case, analytical solution for the pressure profile is not
possible, and Eq.S19 must be solved numerically, which, when combined with Eq.S34,

may be written as

2do d?%p Isinh(Bagé)|
(e + )~ [ o= (Fa:539)

A numerical solution of this provides the pressure differential profile within the granuloma.

This is next related to the velocity profile via



219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

y=_2 (K”p”'e) (d—g) (Eq.S36)

vg, \ Ro dé
where from Eq.S28 and Eq.S34
KDy e Zfl sinh(Baé))’
_ ) 07 Eq.S37
YRo ( R, )ao o (| sinh(Bay) 0d¢ (Eq )

where p is obtained from a solution to Eq.S35.

Alternately, we can write the dimensionless velocity as

v = (3—?) / (3—§)E=1 (Eq.S38)

The last two ODEs, for ¢ (Eq.S35) and for v (Eq.S36 or Eq.S38), along with Eq.S14, the
ODE representing the mass balance of species j, represent a system of three differential
equations that need to be solved simultaneously in order to numerically obtain the
pressure difference, velocity, and species j concentration profiles within the granuloma or
the tumor. This is then the most general case considered here, wherein few simplifying

assumptions have been made.

S3. Comparison of Interstitial Perfusion for Varying Vascular Distribution
Because IFP and IFV have not yet been measured experimentally in granuloma vessels,
we first predict these profiles assuming that granulomas and tumors share certain
physiological parameters. Thus, in combination with oxygen consumption parameters
values from our previous work (9), we use the following parameter values (provided from
tumors (1, 3, 5, 12-14)):

L, =2.8x10"7 cm-mmHg *-s7%; ayo = 200 cm?-cm~3; K, = 4.13 x

(Eq.S39)
1078 cm2-mmHg~'-s!

Assuming, that these values are a good first estimate for granulomas as well,
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Lyao _ [28X107x200
K, | a13x10-8 _ coeecm

Thus, for 2R, = 0.5 — 5 mm, a common size of granulomas observed in rabbits (though
they can be larger if multiple lesions coalesce) (8, 17), this provides the range of the

modulus a, = 1 — 15, which would hence be of the primary interest for granulomas.

S3.1. Predictions with the Shell Core Model (¢, > 0)

We provide figures (Figure S2) of dimensionless pressure rise and velocity profile
(Eq.S7) for the case of ¢, = 0.5 and different values of «, based on the use of Egs.
(Eq.S25) — (Eq.S29). These expressions are applicable to the shell region, i.e., for &, <
¢ < 1. For the hypoxic core, the dimensionless pressure differential is obtained by setting

¢ = &p in Eq.S25, providing

do

~ sinh[ag(1 — &p)] + aoép cosh[ag(1 — &p)] (Eq.S40)

Yo=1—-pgg=1

As Figure S2A shows, the pressure rises sharply in the shell and then levels out at the
value indicated by Eq.S40. In fact. for a, > 10, the interstitial pressure in the particle core

attains the value in the effective vascular pressure.

Figure S2B plots the resulting effusion velocity as a function of radial distance in the shell.
The velocity in the core is zero, due to the absence of any pressure gradient therein. It is
interesting that for small modulus «,, the velocity profile has a slight convexity to it. In
fact, it is possible that the small «, values (0 < a, < 5) are inconsistent with the
assumptions inherent in the shell-core model, as for small «, , the hypoxic core is unlikely

to exist.
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S$3.2. Predictions with the Uniform Vasculature Model (¢, — 0)

The case of uniform vasculature is actually consistent with smaller values of the modulus
a, (0 < @y < 5), which recall is rather a dimensionless particle radius. Nonetheless, the
computations for the case of uniform vasculature are provided in for the pressure rise

(Figure 2) and the velocity profile (Figure 3) for a variety of the values of the modulus «,.

It is evident that the maximum pressure rises at a given value of ¢, is higher for the case
of uniform perfusion rather than for the case of shell perfusion. The velocity profiles
(Figure 3) are also more reasonable for smaller values of «, than that in Figure S2B

based on assuming perfusion limited to a shell.

On the other hand, for the case of larger modulus «a, (¢, > 7), the difference in the
predictions of the two models are small. In summary, we can surmise that for smaller
values of the modulus «, (smaller particles), the uniform perfusion model is a better
approximation, while for the case of larger particle sizes and «,, the shell-core model is
more physically realistic, but even the uniform perfusion model is adequate. In short, the

simpler uniform perfusion model is adequate in general.

It is further seen from Figures 2 and 3 that when flow resistance of the interstitial space
is smaller (large K,,) than the flow resistance of the vessel walls, or when the granuloma
particle size is small, i.e., when ay < 1, the pressure rise within the granuloma is small,
and the convective velocity of the plasma leaving the vessels is linear all the way to the
particle center, so that the entire granuloma is well-perfused and there is no hypoxic ring

or necrotic core, i.e., transport of a solute is not limited by diffusion.
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On the other hand, when flow resistance of the interstitial space is higher (smaller K,,)
than the flow resistance of the vessel walls, or when the granuloma particle size is large,
a, > 1, and the IFP rise is rapid, and within a short distance A of the particle surface, Y -
1 or p; = p, . Further, in this case, the convective velocity of the plasma v, — 0 for £ <
¢p, after which convective transport of oxygen/solute comes to a halt, so that the oxygen
and other nutrients must diffuse thereafter, resulting in a hypoxic ring, as well as a necrotic
core inside the granuloma. Thus, Swabb et al. (1974) concluded that for small molecules,
e.g., oxygen, glucose, and amino acids, the transport via diffusive mechanism is
dominant. On the other hand, larger molecules such as antibodies are largely dependent

on convective transport.

S3.3. Comparisons with the Non-uniform Vessel Distribution

The uniform and shell-core model microvessel distributions discussed above are two
limiting cases of a more realistic and gradual vessel distribution of the kind discussed
above. We next explore how the predictions of pressure rise, e.g., for this case are in

comparison to the above two limiting distributions.

Based on the numerical integration of Eq.S35, Figure S3 provides a comparison of the
pressure rise for the case of a particle with MVD distribution as described by Eq.S34 for
the case of a, = 6, which is rather an intermediate value in the range of interest (0 < a( <
15). The case of uniformly distributed vessels Eq.S30 overpredicts the pressure rise in
comparison, while the shell-core distribution can provide a reasonable estimate provided
the thickness of the well-perused shell is used a s a fitted parameter. Thus, in Figure S3,

the value of &, = 0.48 provides a good approximation. For that matter, the simple uniform
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distribution model can also provide a good estimate of the pressure profile, provided the
modulus «a, is used as a fitted parameter. Thus, the use of a, = 4.1 provides a pressure
rise profile (dotted line) that adequately mimics that resulting from the case of non-
uniformly distributed vessels (Eq.S35). In summary, the uniform MVD distribution model
would be adequate in most cases for a prediction of the pressure rise, and consequently,

the effusion velocity distribution while it has the advantage of simple explicit expressions.

S4. Overcoming Transport Barriers

To theoretically investigate the effect of improving delivery (e.g., of oxygen, nutrients, or
drugs) by improving the tissue hydraulic conductivity of the tumors or granulomas, we
retain as the base case the parameters used above, namely, those in Eq.S39, along with
the following typical values:

Pye = 20 mmHg; Ry = 2.5mm; k = 0.01s™5Df =1x10°cm?s " (Eq.S41)

The first-order rate constant and the effective diffusion coefficient are typical of nutrient
of the size of glucose (18), rather than a smaller molecule such as oxygen. Larger

molecules (>50,000 Da), e.g., antibodies, are also of interest where a diffusion retardation

factor (14) may be needed to describe diffusion in the interstitial space.

Further, as discussed above, the simpler explicit expressions describing the IFP and IFV
within a granuloma or tumor for the case of uniform MVD distribution are adequate.
Consequently, even though the other cases discussed above, namely, the abrupt shell-
core model, or the more gradually declining MVD distribution described by the fitted

model, may be more realistic, in what follows, we will simply adopt the uniform MVD
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distribution model (Eq.S30 and Eq.S33) for use in the steady-state species mass balance

relation, Eq.S14.

Figure 5B provides the simulated species distribution profile within a tumor or a
granuloma based on the above parameters: 1) as the base case for the hydraulic
conductivity provided in Eq.S39 (K, = 4.13 x 1078 cm?-mmHg~"-s~1) and 2) the case of
improved hydraulic conductivity by a factor of 10. For the parameters adopted, this means
the following dimensionless parameters: a Thiele modulus, ¢ = 25; the modulus
characteristic of the vessel to tissue hydraulic conductivity, a, = 9.2; and the parameter

w = 0.83. Additionally, for the base case, the surface effusion velocity from Eq.S32, vy, =

0.27 um.s™1, so that the Peclet number at the surface, Peg, = 6.78.

The hydraulic conductivity K,, can, in fact, be described in terms of tissue structural
parameters (15). For example (5), by visualizing a porous medium as a bundle of
capillaries of radius a, and using the Poiseuille equation for laminar capillary flow, K, =
(¢/7)(a?/8u), where u is the interstitial fluid viscosity. Other factors affecting hydraulic

conductivity have been discussed (1).

S5. Convective Zone Thickness

The convective zone thickness A of the outer well-perfused rim, where the dimensionless
concentration f — 1, can be estimated from a numerical solution of the mass balance
equation. We are interested in approximately determining the thickness of this zone,
where convective transport dominates. It is necessary to select a criterion for this, e.g., at
a location when the pressure gradient becomes small enough so that convective velocity

— 0 (at the edge of the diffusive, non-vascularized zone, Rp, Figure 1), before diffusion
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becomes the dominant mode of transport. For this, a reasonable estimated Peclet number
can be assumed, e.g., Pep < 1. Then from the definition of the Peclet number, one can

obtain the corresponding velocity, i.e.,

e
vp = Pep ( °2> (Eq.S42)

For example, for the case of oxygen, with Dgz = 2.5x 107° cm?/s, and R, = 0.25 cm, and
assuming Pep, = 0.01, the limiting perfusion velocity, v, =1 x 107 cm/s. Thus, the
dimensionless, limiting perfusion velocity for determining the thickness A, v, = vy /g, =
1x107%/1.36 x 1075 = 0.073.

In other words, from Eq.S33 for the uniform MVD distribution case, we can determine the
corresponding dimensionless convective zone thickness 4, = 1 — &, where &, = Rp /R,,

for an assumed of say v, = 0.001 — 0.1, i.e., by solving the following

. ( 1 ){@ cosh(aeép) 1 Sinh(aofu)} ~0 (Eq.S43)

aycothay, — 1/ (&ép sinh(ay) _g sinh(a,)
S6. Mean Squared Error (MSE)

The agreement between the experimental drug delivery data and the predicted values
from the model can be assessed via the MSE metric, which is reported for each

granuloma and drug in S2 Table.docx. We calculate MSE as (Eq. S44)
1 n
MSE = ZZ(Y -Y")? (Eq.S44)
i=1

Where Y represents actual experimental values each measured at it" observed values, Y’
represents the predicted values, i is and n is the total number of data points for each

granuloma. A lower MSE indicates a better fit of model predictions to observed data.
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Abbreviations, symbols, and terminology

Abbreviations:
B.C.
CFz
Da
GME
HDT
IFP
IFV
MM
MSE
MVD
RIF
ODE
TME

Roman Symbols:

Coz,b
DCFZ,RIF

D¢

mEX =T a

o~
<

b

pi
pv,e

Boundary condition
Clofazamine

Dalton

Granuloma microenvironment
Host-directed therapy
Interstitial fluid pressure
Interstitial fluid velocity
Michaelis-Menten

Mean squared error
Microvascular density
Rifampicin

Ordinary differential equation
Tumor microenvironment

surface area of the vessels/volume of tissue (cm?/cm?3)

D’Arcy permeability (cm2)

Constants of integration

Concentration of chemical species j (i.e., where j is oxygen, a
nutrient [e.g., glucose], or a drug) (mol/L)

concentration of glucose (mol/cm?3)

constant bulk concentration of glucose in the perfused region (mol/L)
concentration of oxygen (mol/cm?3)

constant bulk concentration of oxygen in the perfused region (mol/L)

effective diffusion coefficient of CFZ and RIF in the interstitial fluid
(mm?/s)

the effective diffusion coefficient of chemical species j in the
interstitial fluid (mm?/s)

average microvessel diameter (mm)

dimensionless concentration of oxygen

vascular volumetric flow rate (mm3/s)

first-order rate constant for oxygen consumption (s)

inverse of the half-saturation Michaelis-Menten constant (L/mol)
half-saturation constant of the Michaelis-Menten equation (mol/L)
hydraulic conductivity coefficient (mm/s)

membrane hydraulic conductivity of blood vessels (mm#/s-mmHg)
average microvessel length (mm)

number of drug delivery points gathered experimentally per
granuloma

microvessel density (number of microvessels/mm?)

interstitial fluid pressure (mmHg)

effective vessel pressure (mmHg)
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Greek Symbols:

o
X
A
€
¢
2

) ©
S R N I B I

Péclet number for radial transport

Péclet number at the granuloma-lung interface (at r = Ro)
Péclet number below which diffusion dominates

Bruggeman exponent

radial position in the granuloma (mm)

radial thickness over which the shell-balance is performed (mm)
radius of the granuloma (mm)

radius of diffusive region (mm)

volumetric source term for chemical species j

radial interstitial fluid velocity (mm/s)

radial velocity associated with Pe, (mm/s)

granuloma/tumor volume (mm3)

maximum rate of respiration (mol/mm3 s)

experimental (observed) value of normalized drug delivery in a TB
granuloma

modeled (predicted) value of normalized drug delivery in a TB
granuloma

dimensionless modulus (i.e., granuloma/tumor size)
dimensionless Michaelis-Menten kinetic factor

thickness of well-perfused layer (mm)

volume fraction

Thiele modulus

volumetric rate of oxygen delivery from the vasculature into the
tissue (mm?3/s)

volumetric flow rate of plasma to the lymph vessels (mm3/s)

ratio of the first-order rate constant for oxygen consumption to the
half-saturation constant of the Michaelis-Menten equation (mol/Ls)
dimensionless well-perfused layer thickness

interstitial oncotic pressure (mmHg)

vessel oncotic pressure (mmHg)

dimensionless pressure difference

solute (Staverman) reflection coefficient

tortuosity factor

dimensionless IFV

dimensionless radial depth

dimensionless IFP
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